We unravel the structure of the spectrum of the anomalous dimensions of the quark-gluon twist-3 operators which are responsible for the multiparton correlations in hadrons and enter as a leading contribution to several physical cross sections. The method of analysis is bases on the recent finding of a non-trivial integral of motion for the corresponding Hamiltonian problem in multicolour limit which results into exact integrability of the three-particle system. Quasiclassical expansion is used for solving the problem. We address the chiral-odd sector as a case of study.
1 Introduction.
The studies of power suppressed (in hard momentum scale) phenomena in physical cross sections
give an important insight into underlying physics of strong interaction since corresponding quantities manifest the multiparton correlation in hadrons and can shed some light on the complicated dynamics of the hadronic substructure. The most promising is the study of twist-three contributions in hadronic reactions which enter a leading effect in certain asymmetries. The planned and running experiments will allow to extract these quantities and to face them with theoretical predictions. However, the question arises about the scale at which the experimental and theoretical predictions are confronted. This requires the knowledge of the evolution equations which govern the scale dependence of the corresponding correlation functions as well as their solutions, i.e. determination of their eigenvalues and eigenstates. While the former problem is quite straightforward since it can be easily resolved using standard methods of QCD perturbation theory, provided the basis of operators mixed under renormalization is chosen in appropriate way, and this problem has been tackled by a number of authors (see e.g. reviews [1, 2] ). On the other hand the second problem is by far more complicated since it requires the solution of the Faddeev-type many-body equations for the particles with pair-wise interaction. Recently a breakthrough has been made, however, by the authors of Ref. [3] where they have found an additional non-trivial integral of motion of the problem at hand. Even so, when the problem acquire an equivalence to exactly solvable models the task is proved to be too complicated to be solved exactly analytically. Therefore, it is welcome to develop an approximate scheme which could allow for a systematical improvement of approximations involved. The present paper is devoted to the study along this line for the chiral-odd twist-three evolution equations, i.e. the ones related to the hadron structure functions h L (x) and e(x) [4] .
2 Quasi-partonic operators and their evolution.
Twist-3 sector is exceptional as compared to even higher twists since in the former case contrary to the latter we can reduce the renormalization group analysis to the study of the UV divergencies of the so-called quasi-partonic operators [5] which form a compete basis of functions. The twist of these objects equals the number of fields which the composite operators are constructed from. This means that due to the fact that in leading order only pair-wise interaction of partons is of relevance, the corresponding kernels in sub-channels are the familiar twist-2 non-forward evolution kernels.
The generic form of the evolution equation for twist-3 correlation functions in the momentum fraction formalism looks like
with constraint x 1 + x 2 + x 3 = ζ for the momentum fractions of partons imposed on both sides of this equation. The variable ζ stands for the +-component of the t-channel momentum: the limit ζ = 0 corresponds to the usual DIS kinematics (and Eq. (1) to generalized DGLAP equation), and ζ = 1 to exclusive one (Brodsky-Lepage equation for baryon distribution amplitude). The kernel K in leading order has a pair-wise structure:
with
′ j being interaction kernel of two nearby particles. For the purposes of the present study we need the quark-anti-quark and (anti-)quark-gluon kernels with non-contracted Lorentz, Dirac and colour indices. They can de decomposed into independent structures as follows
for quark-anti-quark kernel, and
for the quark-gluon one. The ellipsis stand for other colour structures which, however, are irrelevant for our present consideration. Here as usual the ±-subscripts mean the projection on two opposite tangents to the light cone, and transversity tensor τ
is constructed from 2D metric tensors of the transverse plane g Fig. 1 we easily get 2 (cf. [5, 6, 7] ) 
and from Fig. 2 we have (cf. [5] )
With these results at hand the construction of the evolution equation for the quasi-partonic operators is almost trivial since it requires a mere evaluation of simple traces of Eqs. (3,4) with tensor structure of the composite operator under study.
The correlators related to the chiral-odd structure function e(x) and h L (x) are given by lightcone Fourier transformation [8] Z
of the non-local operators
The "+" and "−" signs in Eq. (9) correspond to 1 and γ 5 structures and i.e. to e and h L functions, respectively. Thus, we have finally the evolution kernel which governs the scale dependence of the
where we have added the charge renormalization piece due to presence of the coupling constant in the definition of the composite operator (10). Using explicit expressions for pair-wise kernels we can find that these are exactly the result of Ref. [8] obtained by a different method.
Consequences of conformal invariance.
It is well-known that the tree-level conformal invariance of the theory is enough for diagonality of the one-loop anomalous dimensions matrix of the conformal operators [9] - [13] . This means that the pair-wise kernels displayed above can be diagonalized in the basis of Jacobi polynomials,
. Namely, due to the support properties of the kernels we can write
where j is a conserved (in leading order) quantum number related to the conformal spin of the composite two-particle operators, i.e. the eigenvalue of the Casimir operator of the collinear conformal algebra su(1, 1). The eigenvalues of the kernels are
qg γ
where σ(j) = (−1) j . We can deduce the following representation of the kernels [7] 
where
and d ℓ and s ℓ being canonical scale dimension and spin of the constituent φ ℓ = {q, g}.
In the basis of local operators the above eigenfunctions correspond to the conformal operators [11, 12] 
where φ ℓ is an arbitrary local field. These operators form an irreducible representation in the space of bilinear composite operators of the collinear conformal group with generators J + , J − , J 3 .
Here step-up
Therefore, the evolution equation can be reformulated into the eigenvalue problem for the three-particle system in a basis of local operators
with Hamiltonian In the large N c limit Eq. (20) simplifies into
Thus, the Hamiltonians (20,21) explicitly manifest the su(1, 1) invariance of the system.
4 θ-space.
Let us explore in full the consequences of the covariance of the problem under the conformal transformations. For this we define a space V = {θ k |k = 0, 1, . . . , ∞} spanned by elements
In the representation [J ±,3 , χ(θ)] − =Ĵ ±,3 χ(θ) the generators arê
with commutation relations:
. . , θ n ) the operators are defined asĴ ±,3 = n ℓ=1Ĵ ±,3 ℓ and the quadratic Casimir operator
Since the spectrum of eigenvalues of the problem (19) have to be real it means that the Hamiltonian has to be selfadjoint w.r.t. appropriate scalar product. We define it as (see [15] for definition of group invariant measures)
and
Then the following adjoint properties are obvious
Now we are ready to address the question of construction of irreducible representations in θ-space. 4 It is worth to note that we work in the space of local operators rather then with the correlation functions of composite operator, O, with elementary fields, φ ℓ , O ℓ φ ℓ , or in the language of Refs. [14, 3] the so-called hat-transformed basis.
5 Two-point basis.
The highest weight vector in the θ-space depending on two variables,Ĵ The states with unit norm w.r.t. the scalar product (24) are
so that P j ′ (θ 1 , θ 2 )|P j (θ 1 , θ 2 ) = δ j ′ j . The two-particle Casimir operator
is obviously diagonal in the basis
6 Three-point basis.
In order to construct an orthonormal basis of three-particles operators we expand them w.r.t. the eigenfunctions of the two-point Casimir operator, sayĴ 2 12 , as follows
From the condition 6Ĵ − P J;j (θ 1 , θ 2 |θ 3 ) = 0 we deduce the expansion coefficients
where the factor
. (30) ensures the normalization of the state to unity 
which is the sum of two-particle Casimir operators in subchannels minus the single-particle ones, are diagonal in the basis P J;j (θ 1 , θ 2 |θ 3 )
. Since the main quantum number J (total conformal spin) is conserved we do not display the dependence on it in matrix elements.
The matrix elements of the remaining generators can be easily evaluated and the result is
where the diagonal part is
and the non-diagonal elements are
7 Integral of motion and its quantization.
On top of the conformal invariance there exists another hidden symmetry of the system (21). The beautiful finding made by the authors of Ref. [3] is the identification of an additional conserved charge of the three-particle problem 7 described by Hamiltonian (21) in the limit of large number of colours,
7 See Ref. [16] for an exhaustive treatment of the three-quark problem in the context of solution of the BrodskyLepage evolution equation for baryon distribution amplitudes.
which is hermitian operator and commutes with Hamiltonian (21) [H,
The existence of this additional charge leads to complete integrability of the system (number of integrals of motion equals the number of degrees of freedom). This allows to reduce the complicated eigenfunction problem for the Hamiltonian (21) to the more simple one for the Q T :
We will look for the solution in the form of expansion w.r.t. the three-point basis (28), i.e.
Its main advantage comes from the fact that the matrix elements of the charge possess only three non-zero diagonals:
. Therefore, the above equation (38) leads to three-term recursion relation for Ψ j which when solved gives the expansion coefficients as well as quantized values of Q T . The former is of the form
with the boundary conditions Ψ −1 = Ψ J+1 = 0. The solution for this recursion relation which satisfies the boundary conditions exists provided the following constraint is fulfilled
Using the results found so far we can easily deduce from the Eq. (44) the critical eigenvalues of the spectrum of the operator Q T for large conformal spin J of three particle system. Substituting the asymptotics for the matrix element of the operator Q T in the three-point basis [
The maximum is achieved for τ max = 1/ √ 2. Thus the recurrence relation possesses the rising solution
J and decreasing one in
We get finally an estimate for the quantized values of the Q T for J → ∞. Namely, the eigenvalues lie in the strip Note that numerically the upper bound on the spectrum is attained at very high J's. For instance,
for J = 10 3 we have 1.00199 · 10
We are now in a position to estimate non-leading in 1/J ℓ corrections which will generate fine structure of the spectrum. Let us consider the upper bound of the spectrum. Since the maximal eigenvalues are achieved for j max = 1 √ 2 J we consider a small vicinity of j max : j =
We look for the expansion of the eigenfunctions Ψ j ≡ Φ(λ) and charge q T in series
respectively. Then the difference equation (43) is replaced by the sequence of coupled differential
. . . .
The solution of the first one, which satisfies the boundary conditions, i.e. Φ(±∞) = 0, is expressed by Hermite polynomials
giving the quantized values of q
Here for a given J, 0 ≤ n ≤ J but the Eq. (47) has been derived in approximation n ≪ J and thus we can describe the upper part of the spectrum only. The comparison of this approximation with the eigenvalues evaluated numerically is shown in Fig. 3 . The agreement is reasonable already with the first non-leading correction taken into account. We can go to the region n ∼ J provided a large enough number of terms is kept in Eqs. (46).
While for low part of the spectrum one can find two exact solutions:
separated from the rest of the spectrum by a finite gap of order ∆q T (J) ∝ 0.7J 2 + 40J for large J's.
8 Eigen-energy of three-particle system.
The eigenfunctions of the integral of motion Q T simultaneously diagonalize the Hamiltonian (21) and, therefore, the energy of the system is
with ǫ(j) = ψ(j + 1) + ψ(j + 4) + 2γ E . The upper limit on the spectrum can easily be read from the fact that the function Ψ j is peaked at j max and thus
. But this estimate contains non-leading terms as well.
The energy can be evaluated consistently in WKB approximation as 8 We have used the permutation symmetry of the quark fields so that P 13 Ψ = e iϕ Ψ , so that j Ψ j P J;j (θ 3 , θ 2 |θ 1 ) = e iϕ j Ψ j P J;j (θ 1 , θ 2 |θ 3 ) since P 13 P J;j (θ 1 , θ 2 |θ 3 ) = e iϕ P J;j (θ 3 , θ 2 |θ 1 ) where ϕ = 0, π. Combining Eqs. (53) and (52) with known eigenfunctions allow to determine the coefficients E (ℓ) .
However, to evaluate next-to-leading WKB correction E (1) we have to find Φ (1) from Eq. (48) as well. The solution of this equation is given by
Here the source J (λ) = 8λ 4 √ 2 − 6 + λ 2 Φ (0) (λ) and the Green function of homogeneous equation is
We have omitted, however, in Eq. the WKB solution [17, 21] of the corresponding Baxter equation and as a result to deduce higher WKB correction to q T in a more economic way together with corresponding energy. Unfortunately the theory of open quantum spin chains [22] is far from being developed to the level of periodic models.
Of course, for real QCD case (finite N c ) the integrability of the system is violated by 1/N
